ABSTRACT. For any connected space X and ring R, we describe a first-quadrant spectral sequence converging to H. (X; R) , whose £l-term depends only on the homotopy groups of X and the action of the primary homotopy operations on them. We show that (for simply connected X) the £2-term vanishes below a line of slope 1/2; computing part of the £2-term just above this line, we find a certain periodicity, which shows, in particular, that this vanishing line is best possible. We also show how the differentials in this spectral sequence can be used to compute certain Toda brackets.
INTRODUCTION
1.1. A Hurewicz spectral sequence. We describe here, for any pointed connected space X and ring R, a first-quadrant spectral sequence, first proposed by H. Miller, which converges strongly to the reduced homology of X with coefficients in R.
1.1.1. The £2 -term. For R = Z, the £2 -term of this spectral sequence is isomorphic to the derived functors of a certain "indecomposables" functor on the homotopy algebra of X ( §3.12), which takes 1r*X to the graded group Q(1r*X) , defined to be the quotient of 1r*X by the subgroup of elements which are in the image of a "nontrivial" primary homotopy operation (see §2.2.1 below).
The Hurewicz homomorphism.
For any space X, the Hurewicz homomorphism h : 1r*X -+ H* (X; Z) factors through the "indecomposables" Q(1r*X); 2 ~ for R = Z, the edge homomorphism of the spectral sequence, £0 * -+ H* (X; Z) , may be identified with this graded homomorphism Q(1r.X) -+ H*(X;Z) from the "indecomposables" to homology (see §2.2.3 below).
Statement of results.
We prove two types of results about the Hurewicz spectral sequence:
Vanishing results.
We show that the £2 -term of the spectral sequence has a vanishing line of slope 1/2, which depends on the connectivity of X and the coefficients R; we also calculate part of the E2 -term above these lines for any 2-connected space X. More specifically, we show:
(i) If R is any ring and X is (r -1 )-connected for r ~ 3, then in the Hurewicz spectral sequence for X with coefficients in R we have E~ k = 0 for 2 ' n > 2(k -r) + 1 . If r = 2, then E k = 0 for n > 2k -2.
n,
(ii) If X is (r-I)-connected (r~3),then EI2 3::Tor(7rX,R) and E2k3::
,r r n,
Tor(Tor(7r,X, Z/2), R) for n = 2(k -r) + 1 ~ 3. Taking R = Z/2 = 7r,X, e.g., we see that the vanishing line of (i) is best possible.
(iii) If R ~ Q (the rationals) and X is (r -I)-connected (r ~ 3), then E2 k = 0 for n > 2(k -r). If r = 2, then E2 k = 0 for n > 2k -3.
n, n, (iv) If R ~ Q and X is (r-I)-connected (r ~ 3), then E~, 3:: 7r,X0R and E~ k 3:: Tor(7r,X,Z/2) 0R for n = 2(k -r) ~ 2. This shows that the vanishing line of (iii) is also best possible.
Secondary operations.
We also illustrate the fact that the differentials in the spectral sequence are related to secondary homotopy information by computing a certain Toda bracket:
For the Moore space X = L,-I Rp2 (r ~ 4), we have 7r,X 3:: Z/2 (with generator 0;), and 7r,+2X 3:: Z/4 (with generator P). We shall make use of a differential in the spectral sequence for X to give a new proof of the wellknown fact that P is in the Toda bracket (0;,2,11,) C 7r,+2X, where 11, E 7r,+1 S' denotes the suspended Hopf map.
Organization. In §2 we set up the spectral sequence, and identify the edge map with the Hurewicz homomorphism. In §3 we describe the category of n-algebras, recall the definition of derived functors in this context, and identify the E2 -term of the spectral sequence with the derived functors of "indecomposabIes." In §4 we derive the vanishing lines of 1.2(i) and (iii), by constructing a suitable free resolution for 7r*X, and in §5 a calculation shows that these vanishing lines are best possible (as in 1.2(ii) and (iv)). In §6 a differential in the spectral sequence for L,-I Rp2 is used to compute the Toda bracket of § 1.2.2. Finally, in §7 we mention two related spectral sequences.
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THE SPECTRAL SEQUENCE
In this section we set up the Hurewicz spectral sequence for any space X and ring R ( §2.I) and justify its name by identifying its edge map with the Hurewicz homomorphism ( §2.2).
2.1. Setting up the spectral sequence. Let 9',:' be the category of connected pointed CW-complexes; we shall denote the objects of 9',:' by boldface variables (X, Y, ... ).
Resolution of a space.
In [18, §2] , C. Stover constructed, for any X E 9',:', a functorial simplicial resolution of X by wedges of spheres-that is, a simplicial space V:X, together with an augmentation do : VoX ---+ X, having the following properties:
(a) Each ~X is a pointed CW-complex which is homotopy equivalent to a wedge of spheres.
(b) Each degeneracy map s/ ~X ---+ Vn+1X is an inclusion of CWcomplexes.
(c) For each k ~ 1, the homotopy groups of the simplicial group 7C k V:X (obtained by applying the functor 7C k dimensionwise to each space in V:X) vanish in dimensions ~ 1, and the augmentation induces an isomorphism
In particular, this implies that the realization L1V:X of the simplicial space V:X (cf. [17, § 1] ) is homotopy equivalent to X.
A bisimplicial R-module.
For any ring R, let RS denote the functor which assigns to a pointed topological space X the simplicial R-module of its singular chains with coefficients in R-that is, the free simplicial R-module 2.1.3. The spectral sequence. Now we define the Hurewicz spectral sequence for the space X, with coefficients in R, to be the Quillen spectral sequence of the bisimplicial R-module RSV:X (see [16] ); it has £~ k c:::::: 7C~7C~(RSV:X) and converges to the associated graded R-module of the homotopy of the diagonal: 7C n+k (diag(RSV:X)). Thus, the Hurewicz spectral sequence converges to the reduced homology of X with coefficients in R, since 7C n + k (diag(RSV:X)) c:::::: 7C n + k (RSX) c:::::: Hn+k(X;R) (by §2.l.2).
2.2. Indecomposables and the Hurewicz homomorphism. We now identify the first column of the £2 -term of this spectral sequence as a functor of 7C*X and relate it to the Hurewicz homomorphism: 2.2.l. Indecomposables. For any space X, the graded group 7C*X = {7C k X};:l has a graded subgroup P(7C*X) , generated by all elements which are in the image of a nontrivial primary homotopy operation (i.e., any homotopy operation which vanishes in homology). Thus, P(7C*X) is generated by: 
• elements of the form a'; -a E 7rrX, for a E 7r r X (r > 1) and ¢ E 7r I X (where a r; denotes the result of the action of ¢ on a);
• commutators [a,p] = apa-Ip-I E 7rIX, for a,p E 7rIX, The quotient graded group Q(7r.X) = 7r.X/ P(7r.X) will be called the indecomposables of 7r*X. Note that Q(7r.X) in degree 1 is simply the Abelianization of 7rIX-SO that Q(7r*X) is actually a graded Abelian group.
2.2.2.
The column E~,*. For an n-sphere Sn, the graded group Q(7r*Sn) is isomorphic to 7r n S n ~ Z in degree n and vanishes in degrees =I-n. Thus, if W has the homotopy type of a wedge of spheres, Hilton's theorem [4, Theorem A] implies that we have an isomorphism of graded Abelian groups: Q(7r* W) ~
H.(W;Z) .
Combining this with the fact that V:X is a resolution of X, in the sense of §2.1.1, we readily see that the Oth column of the E2 -term of the spectral sequence for X with R = Z may be identified with the indecomposables of 7r*X.
A similar argument shows that for any ring R and space X E Y:, in the Hurewicz spectral sequence for X with coefficients in R we have an isomorphism of graded R-modules E~,* ~ Q(7r*X) (9 R between the Oth column of the E2 -term and the" R-indecomposables" of 7r*X.
The Hurewicz homomorphism.
For any space X, the Hurewicz homomorphism (considered as a morphism of graded groups h: 7r*X -+ H*(X;Z)) vanishes on P(7r*X) C 7r*(X), so that it factors through a graded homomor- 
THE E2 -TERM AS DERIVED FUNCTORS
We now give a description of the E2 -term of the Hurewicz spectral sequence in terms of derived functors ( §3.3), after first reviewing the definitions of the category of TI-algebras ( §3.1) and of non-Abelian derived functors ( §3.2).
3.1. TI-algebras. We recall the definition of the category of TI-algebras, whose objects are modeled on the homotopy groups of a space, together with the action of all primary homotopy operations on them: 3.1.1. Definition. Let hoS: denote the homotopy category of connected pointed C W -complexes, and let II c hoS: be the full subcategory whose objects are finite wedges of spheres (one for each homotopy type). A II-algebra is then defined to be a contravariant functor Y: II ---> Sets, which takes coproducts to products.
Equivalently, we can think of a II-algebra Y as a graded group {n~Y}~1 (where we write < Y for Y(sj)), together with an action of the set of primary homotopy operations which satisfies all universal relations on such operations. We denote the category of II-algebras by II-Alg.
For any II-algebra Y we let I YI denote the least k ::; 00 for which n~X =1= O.
Free II-algebras.
Let n* be the functor which assigns to a pointed connected space X its homotopy II-algebra n*X-i.e., n*X = {njX}~I' with the given action of the homotopy operations. The free II-algebras are those which are isomorphic to n* W , for some (possibly infinite) wedge of spheres WE S::
More precisely, let T be a graded set
where each s~ is a i-sphere. Then we say that n* W is the free II-algebra generated by T. We shall consider each element x E T J to be an element of n* W, by identifying it with that generator of nj W which represents the inclusion sj L--+ W. As noted in §3.2.3, for any space X the free simplicial ll-algebra ' lC* J-":X is a free simplicial resolution of the ll-algebra 'lC*X. On the other hand, by §2.2.2 and §2.1.I(a), we know that 'lC~RSJ-":X ~ Hk(J-":X;R) is isomorphic to the simplicial R-module Qk('lC* J-":X) 181 R. Thus, by Definitions 2.1.3 and 3.2.4, the kth row of the £2 -term of the Hurewicz spectral sequence for X with coefficients in R may be identified with the derived functors of Q k (-) 181 R, evaluated on 'lC*X:
VANISHING RESULTS
As we have just seen, each row in the £2 -term of the Hurewicz spectral sequence for a space X can be identified with certain derived functors evaluated on the ll-algebra 'lC*X. In this section we show that, for 2-connected X, the £2 -term has the vanishing lines of § 1.2.1 (i) and Applying the universal coefficients theorem for homology, we obtain the following 4.1.1. Corollary. For k ;::: r, and Y as above, we have
(ii) If R <;;; Q, then ifr;::: 3,
Theorem 4.1 is proved in §4.2, using a certain resolution A. ~ Y described in Proposition 4.2.2 below. After some remarks on constructing resolutions in §4.3, the proof of the proposition is outlined in §4.4 and completed in §4.S. 
Proof of
and (II) In the free simplicial II-algebra A. we can write each An as a coproduct of An with the images of the Am's (for 0::; m < n) under various degeneracy maps (see §4.5.1 below). However, the functor Qk' when restricted to the subcategory of free II-algebras, clearly preserves coproducts; also, it vanishes
, we have Bn = DB n , so that (I) implies N Bn = 0, and For the simplicial identities to hold in the simplicial II-algebra A: so obtained, we require that do satisfy d j 0 do = 0 for 0 ::; j ::; n-that is, that do: A -+ An factor through ZAn '-4 An. Note that a free simplicial II-algebra is completely determined by specifying a C W -basis, together with the attaching maps. Therefore, in order to get an A~+I satisfying the requirements 4.4.1 (i) and (ii), it suffices to show that the following holds:
( 1 ) (since we can then let An+1 be the free II-algebra on the underlying set of ZAn' with the obvious attaching map).
Thus we are interested in the connectivity of the n-cycles II-algebra. Now 
"(n -A ) < n.
Then for some 0 ::; j < n, each X"i That is, hE:n:t(An_AtII···IIAn_Aq),whereeach An-Aj is one of the cop roduct-summands of (2) and thus is in the image of some Ai-fold degeneracy (Ai ~ 0). Moreover, we know that The theorem is proved in §5.2, using an explicit construction of a free simplicial resolution in §5.3. 
DIFFERENTIALS IN THE SPECTRAL SEQUENCE
We now illustrate the fact that the differentials in the Hurewicz spectral sequence depend on higher-order homotopy information by using one to compute a certain Toda bracket for L r -1 Rp2 .
In §6.1 we calculate the derived functors of Q k on the II-algebra 7r.L r -1 Rp2 and find a nonvanishing differential in the E2 -term. In §6.2 we recall the construction of V:X and use it to give an explicit description of the differential in §6.3. Throughout this section R = Z, and all homology is with integral coefficients.
6.1. A calculation for 7r.L r -1 Rp2. Let X denote the Z/2-Moore space L r -1 Rp2 , with r ~ 4. The first three nonvanishing rows in the E2 -term of the Hurewicz spectral sequence for X may then be calculated as follows:
6.1.1. ll-algebra structure. The ll-algebra structure of 7r.X in the first three nontrivial degrees in given by: (i) 7r r X ~ Z/2, generated by an element a; (ii) 7rr+lX ~ Z/2, generated by a 0 11r; (iii) 7rr+2X ~ Z/4, generated by an element p, with 2P = a 0 11r 0 11r+l .
(This may be computed using [5, 6] , for example).
6.1.2.
Notation for free II-algebras. Recall ( §3.1.1) that II denotes the homotopy category finite wedges of spheres, and let !JT C II-Alg denote the full subcategory of free II-algebras ( §3.1.2). The functor 7r.: y: -+ II-Alg, when restricted to II, induces an equivalence of categories between II and !JT (cf. [10, IV, 4] ). We can thus describe free II-algebras and their morphisms in terms of spheres and homotopy classes of maps between them.
In particular, we shall write Sk = 7r.Sk for the free II-algebra generated by a graded set having a single element in degree k . For k ~ 3 we let 11k denote the generator of 7r~+ISk ~ 7rk+ 1 Sk ~ Z/2, as well as the corresponding morphism Sk+l -+ Sk .
6.1.3.
A partial resolution. We are interested in the resolution of the II-algebra 7r.X only in degrees ::; r + 2. In the above notation, we can partially describe a License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Therefore, the differential d 2 : £;,r+1 -+ £~,r+2 is necessarily nontrivial (and so an isomorphism). 2 2 6.1.6. £0,r+2' By §2.2.1, we know that the nonzero element of £0,r+2 ~ Zj2 may be represented by the generator P E 7r r + 2 X, modulo the subgroup of 7rr+2X generated by the single "composable" a 0 '1r 0 '1 r + 1 = 2· P , so that the indeterminacy is just in the choice of the generator P for Zj4 ~ 7rr+2X, 6.2. The simplicial space V:X. We now recall the construction of V:X from [18, §2] , and introduce some notation: To avoid confusion, the face and degeneracy maps of VX will be considered to be "horizontal" (by analogy with the bisimplicial set SVX) and will be marked with a superscript h (e.g., dJ).
Notation lor VX.
To describe some of the spheres of VX, we can use the following notation:
For any map I E Hom7-(Sn ,X) , we denote the n-sphere in VaX indexed by I by SU)' Similarly, if F E Hom7. (e n + I ,X) is a nullhomotopy of I, we denote the corresponding (n + I )-disc in VoX by e~;)1 , so that S~f) ue~;/ c VaX.
In certain special cases, we can also use such a notation for the spheres of ~X (n ~ 1): if the map g: Sm -+ VaX factors through the inclusion S~f) '-+ VaX, we denote the m-sphere of ~ X corresponding to g by a double index: Su ,g) , and so on.
In such cases, the face maps of VX have a particularly simple description.
For example, the face map 
. h ' S Sr+l " Similarly, since [t 0 h] = 2fl r = 0 E nr+1S r , we can choose a nullhomotopy G: e r + 1 ~ S~a) for to h; let <;~) C ~X be the corresponding (r + 2)-disc.
We have a singular (r + 2)-simplex " E Sr+2e;;~G) with OV (n = a" . Thus Similarly, oh(n = G*(n-~' , with G)n in S'+2S~a) contributing nothing Since we know that d 2 {a) = (fJ) E £6,,+2 ( §6.1.5), we conclude that the generator fJ of 7r,+2L,-IRp2 ~ Z/4 is in the Toda bracket (ex, 2,17,) (with the same indeterminacy as in the choice of generator for Z/4, by §6.1.6).
RELATED SPECTRAL SEQUENCES
We now note the existence of two related spectral sequences: one for any generalized homology theory ( §7.1) and one a "Kunneth spectral sequence" for the smash of two spectra ( §7.2).
7.1. Generalized homology theories. First, we can generalize the Hurewicz spectral sequence for ordinary homology H* to any reduced generalized homology theory k*, to obtain 7.1.1. A generalized Hurewicz spectral sequence. Let X E 3'.: be a pointed connected space, and V:X the augmented simplicial space of §2.1.1, with ~v:X c:::: X. The realization ~v:X has a filtration by subcomplexes ~ov:X C ~l V:X··· C ~ V:X, where ~ n V:X is the realization of the n-skeleton of the simplicial space V:X (cf. [17, §5] ).
Applying the generalized homology functor k* to this filtration, we obtain a spectral sequence abutting to k*~ V:X ~ k*X, with £; 5 = 7r ,k2 J':X, as in [17, Proposition 5 .1]. The spectral sequence converges stro~gly to k*X if k* is connective.
7.1.2.
The £2 -term as derived functors. Recall from §6.1.2 that the functor 7r* : II -t.'iT induces an equivalence of categories between II, the homotopy category of finite wedges of spheres, and !T c II-Alg, the full subcategory of free II-algebras. Thus, we can describe a functor on .r (noncanonically) by License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use specifying it on II. Moreover, we only need a functor defined on :T in order for the derived functors to be defined for all II-algebras, by §3.2.4.
In particular, for any generalized homology theory k* each of the functors gives us a spectral sequence converging to k*X, whose E -term depends only on k* and the 1C* -module structure of 7r*X.
